The function Φ m has same parity as m. We are interested with the even functions Φ 2m , we have (cf. [4] )
The function Φ 2m is bounded (cf. [4] ) by
The function Φ 2m is (cf. [5] ) oscillating in the interval
and exponentially decreasing when x / ∈ I m , more precisely (cf. [4] ) we have
In the series expansions of the following sections we use the normalized sums
and 2
thus using inequality (B2) we get
Thus by summation for |n| ≥ 2 √ 2m and with the Stirling formula we get
From inequality (B1) we deduce that
thus by Stirling formula we get
).
The functions Ψ m
The function
, expands (cf. [6] p.71-75) as the following series of Hermite polynomials, for x ∈ R we have
Multiplying by e −πx 2 we get, with t
where we define for
Lemma 1
The functions Ψ m are related to the Hermite functions by
where * is the multiplicative convolution of functions defined on ]0, +∞[
Proof
With the classical relation
where a > 0, b ∈ C we get
and using the power series expansion
we get by identification
and we see that this last integral is the multiplicative convolution
Series expansions
Let z → √ z the principal determination of the square root, the holomorphic function
For any function f holomorphic in S let us define the function
For every integer m ≥ 0 we verify immediately that we have
is equivalent to the parity of the function T f
in this case the expansion of f is of the form
This gives for t ∈ S
Expansion of the theta function
The theta function defined for t ∈ S by
is holomorphic in S and we have for u ∈ D(0, 1)
gives the parity of T G and we get T G(u) = n≥0 g 2m
Proof Take the relation (1) with x = n ∈ Z, by summation we get
To justify the interchange of summations n∈Z m≥0 = m≥0 n∈Z we observe that
and by Lemma 0 we have
Since we have seen that the function T G is even we deduce that in this last sum, only the constants S 4m are non zero.
Remark
We have also (cf. Appendix) for the constants S 4m another expression
This is easily explained if we look at the general Müntz formula (cf. [7] ): let F be an even continuously differentiable function such that F and
), (a > 1) when x → ∞, then for 0 < Re(s) < 1 we have
then, at least formally, we get
(2m)! Φ 4m and ψ m (t) = Ψ 2m (t). 
. This is simply a consequence of the relation
We
and (cf. [4] ) an expression of Q m in terms of the hypergeometric function
The roots of Q m are on the line Re(s) = 1/2 (cf. [1] , [2] ). This can be proved (cf. [1] ) by observing that the orthogonality relation of the Hermite functions Φ 2m implies the orthogonality of the family of polynomials
with respect to the Borel measure |Γ(
dt on R. More explicitly, using the Parseval's formula for Mellin transform 1 2π
Mellin transform of Ψ m

Lemma 3
For 0 < Re(s) < 1 we have
Proof By Mellin transform of the relation of Lemma 1, we get
we get with the change of variable t →
By the preceding lemma this gives
As a consequence of this relation we see that for s = + it the polynomials t → Q 2m (
Expansion of Mellin transforms in terms of the polynomials Q m
If we have for a function f holomorphic in S an expansion
and if we can evaluate the Mellin transform of f for 0 < Re(s) < 1 by integration of the terms of the series :
A simple condition to justify this calculation is
Since in this case we have for 0 < Re(s) < 1
We have by relation (2) 
A conjecture for an expansion of Zeta in the critical strip
For 0 < Re(s) < 1 it is known (cf. [3] ) that the Mellin transform of the function
We have seen in 2.1 that
If we proceed by integration of the terms of the preceding series we get
Unfortunately it seems that in this case m≥0 |α 2m | = +∞ and the justification of the preceding section does not work.
Conjecture
For 0 < Re(s) < 1 the evaluation of the Mellin transform of G(t) − 1 − 1 t by integration of the terms of the preceding series is valid and we get
As we have seen the polynomials
are related to Mellin transforms of the Hermite functions Φ 4m and they have their roots on the line Re(s) = 1/2.
Remarks 1)
For the Riemann-Hardy function (cf. [3] ) defined for t ∈ R by
the preceding conjecture gives
where the functions
2
We now show that, with our preceding method, we can obtain a simple expansion of Zeta in the critical strip by applying this formula to the function F (x) = e −2πx . For 0 < Re(s) < 1 we have
where
It is possible to get an expansion of f (t) using the Laguerre functions
defined by the generating function For t > 0 we set ψ m (t) = ( t − 1 t + 1 ) m 2 1 + t Using the generating function of the ϕ m we get
Summing (3) for x = n ≥ 1 we have formally for Re(t) > 0
The functions ψ m and ϕ m are related by the multiplicative convolution
The Mellin transform of ϕ m is (cf. [4] ) for Re(s) > 0
where q m is the polynomial q m (s) = 2 F 1 (−m, s; 1; 2). By the orthogonality relation of the ϕ m we deduce that the polynomials t → q m ( (4) we get formally
A more simple expansion can be obtained using the Mellin transform of the function g(t)
Using the Poisson formula we have
By Müntz formula we get
We now apply our preceding method, to the function F (x) = 1 π 1 1+x 2 . We verify immediately that
We have for t > 0
, thus we get
Finally we have the expansion
By Mellin transform of (7) we get formally
Note that, unlike the preceding expansions related to Hermite and Laguerre functions, in this expansion the sequence Using Poisson summation formula we deduce that for ϕ ∈ S(R)
Taking u ∈ C and ϕ(x) = e 
Let us now define for every integer m ≥ 0 Thus only the constants T 4m are non zero, and by derivation with respect to u of the holomorphic function defined by the right side of (6) 
